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ON COMPLETE HYPERKA¨HLER MANIFOLDS WITH
COMPACT ISOMETRY GROUP
YOSHINOBU KAMISHIMA
Abstract. The basic model of hyperKa¨hler manifold is the quater-
nionic number space Hn with flat and symmetric metric. In this note we
shall construct a one-parameter family of complete hyperKa¨hler metrics
on Hn whose isometry group is the compact group Sp(n) · Sp(1). The
standard quaternionic Carnot-Carathe´odory structure on the 4n + 3-
dimensional quaternionic Heisenberg Lie group M induces the stan-
dard hyperKa¨hler structure on the base Hn. By deforming a Carnot-
Carathe´odory structure on M, the resulting Hermitian metric on Hn is
shown to be complete hyperKa¨hler.
1. Introduction
A quaternionic-Hermitian manifold M is a 4n-dimensional smooth man-
ifold with a Riemannian metric g invariant under a quaternionic structure
{Jα}α=1,2,3. Put Ωα(X,Y ) = g(X,JαY ) (∀X,Y ∈ TM). (M,g, {Jα}α=1,2,3)
is said to be hyperKa¨hler if
dΩ1 = dΩ2 = dΩ3 = 0.
Each Jα becomes a complex structure on M and the holonomy group of
g belongs to Sp(n). Denote by H the field of quaternion numbers. Let
M be the 4n+ 3-dimensional quaternionic Heisenberg nilpotent Lie group.
There is a central group extension which is also a principal fibering over
the quaternionic number spcae Hn: R3→M p−→ Hn. By the projection
p, the standard Carnot-Carathe´odory structure (defined by an ImH-valued
1-form) on M induces the standard hyperKa¨hler metric on Hn. In this
paper we produce a new complete hyperKa¨hler metric on Hn by deforming a
Carnot-Carathe´odory structure onM (but not quaternionic CR-structure).
Theorem 1. There exists a one-parameter family of complete hyperKa¨hler
metrics ga (a > 0) on H
n which has the following properties:
(i) The isometry group Isom (Hn, ga) coincides with the compact group
Sp(n) · Sp(1).
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2Especially (Hn, ga) is neither homogeneous nor symmetric.
(ii) The Sp(n) · Sp(1)-action is smoothly equivalent to the orthogonal
action on the vector space Hn.
(See Theorem 5.4, Theorem 6.3, Proposition 6.4.) Following the classifica-
tion in [1], the complete hyperKa¨hler manifold (Hn, ga) has the holonomy
group Sp(n) with zero Ricci curvature. This gives an answer to the ex-
istence of inhomogeneous complete Riemannian manifold with holonomy
group Sp(n) (n > 1) for the question of the old paper [1]. When the
underlying manifold is R4n, we note that C. Lebrun has constructed com-
plete quaternionic Ka¨hler metrics on R4n with holonomy group Sp(n) ·Sp(1)
(n ≥ 2) whose deformation space is of infinite dimension. Any quaternionic
Ka¨hler manifold in this class has nonzero Ricci curvature. (See [8].) When
the underlying manifold is not specified, there are several constructions of
hyperKa¨hler structures (for example P. Kronheimer [7], A. Swann [10], N.
Hitchin, A. Karlhede, U. Lindstro¨m, M. Rocˇek [3], and reference therein.)
By (ii) of the theorem, the Sp(n) · Sp(1)-action has the origin 0 as a fixed
point in Hn. The complement Hn − {0} = S4n−1 × R+ admits an incom-
plete hyperKa¨hler metric invariant under Sp(n) · Sp(1). If F ≤ Sp(n) is a
finite group acting freely on S4n−1×R+, then the quotient S4n−1/F ×R+ is
an incomplete hyperKa¨hler manifold (n ≥ 1). This 4-dimensional manifold
S3/F ×R+ might be related to the result of Proposition 2(b) [7]. We study
other geometric structures on Hn induced from the Carnot-Carathe´odory
structure of M (cf.Corollary 7.1). When we pick one complex structure
up, say J1 from the hypercomplex structure {J1, J2, J3} onM, the quotient
Heisenberg groupM/R2 admits an anti-holomorphic spherical CR-structure
which induces the following (Compare Theorem 7.3, Proposition 7.1).
Theorem 2. The Ka¨hler manifold (Hn, ga, J1) is anti-holomorphically iso-
metric to a Bochner flat manifold with full isometry group U(2n).
The organization of this paper is as follows. In Section 2 we start with the
quaternionic Heisenberg Lie groupM to construct a new ImH-valued 1-form
which represents the Carnot-Carathe´odory structure onM. In Section 3 we
introduce a complete quaternionic Hermitian metric g on Hn by using the
ImH-valued 1-forms. Section 4 is spent on constructing closed 2-forms on
H
n and then we show that each closed 2-form coincides with the fundamental
2-form of g to prove g is a hyperKa¨hler metric on Hn in Section 5. In Section
6, the hyperKa¨hler isometry group of (Hn, g, {Jα}α=1,2,3) is calculated. In
the final section, we consider a geometric property of the Ka¨hler manifold
(Hn, g, J1) by choosing one complex structure J1.
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32. The action of a 3-dimensional solvable Lie group on M
2.1. Quaternionic Heisenberg Lie group. Recall the quaternionic Heisen-
berg Lie group M from [2]. Put t = (t1, t2, t3), s = (s1, s2, s3) ∈ R3, and
z = (z1, . . . , zn), w = (w1, . . . , wn) ∈ Hn and so on. Then M is the product
R
3 ×Hn with group law:
(t, z) · (s,w) = (t+ s− Im〈z, w〉, z + w).
where 〈z, w〉 = tz¯w is the Hermitian inner product. M is a nilpotent Lie
group such that the center is the commutator subgroup [M,M] = R3 con-
sisting of elements (t, 0). The euclidean group of M is denoted by
(2.1) E(M) =M⋊ (Sp(n) · Sp(1))
whose element h =
(
(t, v), A · α) acts on M as
(2.2) h(s, z) = (t+ αsα¯+ Im〈v,Azα¯〉, Azα¯) (∀ (s, z) ∈ M).
(Compare [5].) Fix a real number a once forall. Suppose
(2.3) a > 0.
Define a representation ρ1 : R
3→(R3, 0)⋊ Sp(1) ≤ E(M) to be
(2.4)


ρ1(t1) =
(
((t1, 0, 0), 0), I · e−iat1)
)
,
ρ1(t2) =
(
((0, t2, 0), 0), I)
)
,
ρ1(t3) =
(
((0, 0, t3), 0), I)
)
.
More precisely, the action is defined on M = R3 ×Hn as
(2.5)

ρ1(t1)
(
(s1i, s2j, s3k), z
)
=
(
(t1 + s1)i, e
−iat1(s2j, s3k)e
iat1), zeiat1
)
,
ρ1(t2)
(
(s1i, s2j, s3k), z
)
=
(
(s1i, (s2 + t2)j, s3k), z
)
,
ρ1(t3)
(
(s1i, s2j, s3k), z
)
=
(
(s1i, s2j, (s3 + t3)k), z
)
.
where
e−iat1(s2j, s3k)e
iat1 = (s2, s3)
[
cos 2at1 − sin 2at1
sin 2at1 cos 2at1
] [
j
k
]
.
It is easy to see that ρ1(t1) normalizes the vector space R
2 generated by
〈ρ1(t2), ρ1(t3)〉. So the group generated by 〈ρ1(t1), ρ1(t2), ρ1(t3)〉 forms a
3-dimensional solvable Lie group R1 = R2 ⋊ ρ1(R) such that
(2.6) R1 ≤ R3 ⋊ ({1} × S1) ≤ E(M).
Take the standard real coordinate of z1 ∈ H as x1 + ix2 + jx3 + kx4 and
identify Hn with R4n. Let 〈 d
dt1
,
d
dt2
,
d
dt3
〉 be the standard basis of R3 =
Ri+ Rj + Rk also. From (2.5) it follows
d(e−iat1(s2j, s3k)e
iat1)
dt1
|t1=0 = 2as3
d
dt2
− 2as2 d
dt3
.
4Thus R1 induces three vector fields 〈ξ1, d
dt2
,
d
dt3
〉 where
ξ1 =
d
dt1
+ 2a(s3
d
dt2
− s2 d
dt3
)
+
n∑
k=1
a(x4k−3
d
dx4k−2
− x4k−2 d
dx4k−3
+ x4k
d
dx4k−1
− x4k−1 d
dx4k
).
(2.7)
Similarly we construct representations ρ2, ρ3 : R
3→(R3, 0)⋊ Sp(1) ≤ E(M)
(up to order of {i, j, k}) such that
(2.8)

ρ2(t1)
(
(s1i, s2j, s3k), z
)
=
(
((s1 + t1)i, s2j, s3k), z
)
,
ρ2(t2)
(
(s2j, s3k, s1i), z
)
=
(
((s2 + t2)j, e
−jat2(s3k, s1i)e
jat2), zejat2
)
,
ρ2(t3)
(
(s1i, s2j, s3k), z
)
=
(
(s1i, s2j, (s3 + t3)k), z
)
,
(2.9)

ρ3(t1)
(
(s1i, s2j, s3k), z
)
=
(
((s1 + t1)i, s2j, s3k), z
)
,
ρ3(t2)
(
(s1i, s2j, s3k), z
)
=
(
(s1i, (s2 + t2)j, s3k), z
)
,
ρ3(t3)
(
(s1i, s2j, s3k), z
)
=
(
(e−kat3(s1i, s2j)e
kat3 , (s3 + t3)k), ze
kat3
)
.
For α = 2, 3, let
(2.10) Rα = 〈ρα(t1), ρα(t2), ρα(t3)〉 = R2 ⋊ ρα(R)
be the solvable subgroup in (R3, 0)⋊Sp(1) as above. Each Rα induces three
vector fields { d
dt1
, ξ2,
d
dt3
}, { d
dt1
,
d
dt2
, ξ3} respectively where
ξ2 =
d
dt2
+ 2a(s1
d
dt3
− s3 d
dt1
)
+
n∑
k=1
a(x4k−3
d
dx4k−1
− x4k−1 d
dx4k−3
+ x4k−2
d
dx4k
− x4k d
dx4k−2
),
(2.11)
ξ3 =
d
dt3
+ 2a(s2
d
dt1
− s1 d
dt2
)
+
n∑
k=1
a(x4k−3
d
dx4k
− x4k d
dx4k−3
+ x4k−1
d
dx4k−2
− x4k−2 d
dx4k−1
).
(2.12)
2.2. Quaternionic Carnot-Carathe´odory structure of M. Let ω be
an ImH-valued 1-form on M defined by
ω = dt1i+ dt2j + dt3k + Im〈z, dz〉.(2.13)
Put ω = ω1i + ω2j + ω3k. The codimension 3-subbundle D =
3∩
i=1
kerωi =
kerω onM is said to be quaternionic Carnot-Carathe´odory structure onM.
5This satisfies
(2.14) [D,D] = 〈 d
dt1
,
d
dt2
,
d
dt3
〉.
From (2.2) (cf. [2]), each element h =
(
(t, v), (A · α)) ∈ E(M) satisfies
(2.15) h∗ω = αωα¯.
In particular, h∗ω = ω (∀ h ∈ M ⋊ Sp(n)). Every element of E(M) leaves
D invariant in general. Putting ω = ω1i+ ω2j + ω3k, it follows
(2.16)

ω1 = dt1 +
∑n
k=1(x4k−3dx4k−2 − x4k−2dx4k−3 + x4kdx4k−1 − x4k−1dx4k),
ω2 = dt2 +
∑n
k=1(x4k−3dx4k−1 − x4k−1dx4k−3 + x4k−2dx4k − x4kdx4k−2),
ω3 = dt3 +
∑n
k=1(x4k−3dx4k − x4kdx4k−3 + x4−1dx4k−2 − x4k−2dx4k−1).
Applying (2.16) to (2.7), (2.11) and (2.12), it follows
(2.17) ω1(ξ1) = ω2(ξ2) = ω3(ξ3) = 1 + a(|z1|2 + · · ·+ |zn|2).
As a > 0 from (2.3), note ω1(ξ1) > 1.
2.3. Conformal change of ω. We introduce new 1-forms on M:
(2.18) η1 =
1
ω1(ξ1)
ω1, η2 =
1
ω1(ξ1)
ω2, η3 =
1
ω1(ξ1)
ω3.
Proposition 2.1. The following hold ((α, β, γ) ∼ (1, 2, 3), ∀X ∈ TM).
ηα(ξα) = 1,
dηα(ξα,X) = dηα(
d
dtβ
,X) = dηα(
d
dtγ
,X) = 0.
(2.19)
Proof. It follows from (2.15) that ρα(ti)∗D = D for each ρα(ti) ∈ Rα (i =
1, 2, 3). Since ηα(ξα) = 1 from (2.18), calculate
dηα(ξα,X) = Xηα(ξα)− ξαηα(X)− 1
2
ηα([ξα,X]) = 0 (
∀X ∈ D).
Let T =
d
dtβ
or
d
dtγ
((α, β, γ) ∼ (1, 2, 3)). Then ηα(T ) = 0. As 〈ρα(tα)〉
normalizes R2 = 〈ρα(tβ), ρα(tγ)〉 (cf. (2.5), (2.8), (2.9)), it follows [ξα, T ] ∈
〈 d
dtβ
,
d
dtγ
〉 so that dηα(ξα, T ) = 0. This shows that dηα(ξα,X) = 0 and also
dηα(T,X) = 0 (
∀X ∈ TM). 
Remark 2.2. Note that η2(
d
dt2
) = η3(
d
dt3
) is a non-constant function. So
dη2(
d
dt2
,X), dη2(
d
dt3
,X) are not zero in general.
62.4. Hypercomplex structure on D. Recall that the hypercomplex struc-
ture {J1, J2, J3} on D =
3∩
i=1
kerωi is defined by
Jγ = (dωβ |D)−1 ◦ (dωα|D) : D→D ((α, β, γ) ∼ (1, 2, 3)).
(Compare [2].) Alternately if pi : M→Hn is the canonical projection (ho-
momorphism), then pi∗ : D→THn is an isomorphism at each point for which
each Jα on D is defined by the commutative rule:
(2.20) pi∗ ◦ Jα = Jα ◦ pi∗
where the right hand side of {Jα, α = 1, 2, 3} is the standard complex struc-
ture {i, j, k} on Hn respectively. As ker ηi = kerωi, note D =
3∩
i=1
ker ηi also.
Let J˜γ be the endomorphism (dηβ |D)−1 ◦ (dηα|D) : D→D, i.e. dηα(X,Y ) =
dηβ(J˜γX,Y ). Since dηα = fdωα on D where f =
1
ω1(ξ1)
, calculate
dηβ(J˜γX,Y ) = dηα(X,Y ) = fdωα(X,Y ) (
∀X,Y ∈ D)
= fdωβ(JγX,Y ) = dηβ(JγX,Y ).
By the nondegeneracy of dηβ on D, it follows J˜γ = Jγ , i.e.
(2.21) (dηβ |D)−1 ◦ (dηα|D) = Jγ : D→D.
2.5. Reciprocity of dηα. Using the equality dηα(X,Y ) = dηβ(JγX,Y ), it
follows dηα(JαX,Y ) = dηβ(JβX,Y ). Thus, on D
dηα(JαX,Y ) = dηβ(JβX,Y ) = dηγ(JγX,Y ) ((α, β, γ) ∼ (1, 2, 3)).(2.22)
From this a calculation shows
(2.23) dηα(JαX,JαY ) = dηα(X,Y ) (α = 1, 2, 3).
2.6. Invariant group preserving η. Letting η = η1i + η2j + η3k and
p = (s, z) = ((s1, s2, s3), z) ∈ M, it follows
η = fω, such that
f(p) =
1
ω1((ξ1)p)
=
1
1 + a|z|2
(2.24)
where |z|2 = |z1|2 + · · ·+ |zn|2 (cf. (2.17)).
Proposition 2.3. Let H = R3 × Sp(n) be the subgroup of E(M). Each
element of H leaves invariant f and so ηα (α = 1, 2, 3).
Proof. Let h = ((b, 0), A) ∈ H = R3×Sp(n) ≤ E(M) where b = (b1, b2, b3) ∈
R
3. By the action of (2.2), hp = ((b, 0), A)(s, z) = ((b+ s), Az) ∈ M. This
implies
(2.25) f(hp) =
1
ω1((ξ1)hp)
=
1
1 + a|Az|2 =
1
1 + a|z|2 = f(p),
7thus f is H-invariant. Note that h∗ωα = ωα from (2.15). Then
h∗ηα = f(hp)h
∗ωα = f(p)ωα = ηα (α = 1, 2, 3).

Remark 2.4. Any element h of the form ((0, 0, 0), u) ∈ M (u ∈ Hn) does
not preserve ηα unless u = 0. For this, h
∗ηα = f(hp)h
∗ωα = f(q)ωα where
q = hp = (s + Im〈u, z〉, u + z) by the definition. If h∗ηα = ηα, then f(q) =
f(p) which must be |u+ z|2 = |z|2, thus u = 0.
Let h =
(
(t, 0), (A · α)) ∈ R3 ⋊ (Sp(n) · Sp(1)) with α 6= 1. Put
h = ((t, 0), A · 1) · k
where k = ((0, 0), I · α) ∈ Sp(1). A matrix (aβγ) ∈ SO(3) is induced by
(2.26) α

 ij
k

 α¯ =

 a11 a12 a13a21 a22 a23
a31 a32 a33



 ij
k

 .
If pi :M→Hn is the canonical projection with pi((s, z)) = z, then the hyper-
complex structure {Jα, α = 1, 2, 3} on D satisfies that
pi∗(Jαv) = Jα(pi∗v) = (pi∗v)¯iα (
∀ v ∈ D)
where pi∗v ∈ THn = Hn and (iα, iβ , iγ) ∼ (i, j, k) (cf. Section 2.4). We infer
(2.27) h∗Jβ =
3∑
γ=1
aβγJγh∗ on D.
Proof. As k(s, z) = (αsα¯, zα¯) by the definition, pik(s, z) = pi(s, z)α¯ =
Rα¯pi(s, z). Noting pi∗v ∈ Hn, it follows pi∗k∗v = Rα¯∗pi∗(v) = (pi∗v)α¯. As
pi∗k∗(Jβv) =
(
pi∗(Jβv)
)
α¯ = (Jβpi∗v)α¯
=
(
(pi∗v)¯iβ
)
α¯ =
(
(pi∗v)α¯
)
αi¯βα¯,
(2.28)
using (2.26) it follows
(2.29) k∗Jβv =
3∑
γ=1
aβγJγk∗v.
Let h = ((t, 0), A · 1)k be as above. Since A ∈ Sp(n) and ((t, 0), A · 1)∗
commutes with Jγ (γ = 1, 2, 3), it follows h∗Jβv =
∑3
γ=1 aβγJγh∗v. 
When hp = (t + αsα¯,Azα¯) for p = (s, z) ∈ M (cf. (2.2)), ω1((ξ1)hp) =
1 + a|Azα¯|2 = 1 + a|z|2 = ω1((ξ1)p). Let ω = ω1i+ ω2j + ω3k be as above.
8Since h∗ω = αωα¯, (2.26) implies h∗ωα =
∑
β
ωβaβα. By (2.18), it follows
h∗η = αηα¯,
h∗ηα =
3∑
β=1
ηβaβα.
(2.30)
Since the 2-form ηγ ∧ d(aγα) is zero on D, (2.30) implies
(2.31) dh∗ηα =
3∑
γ=1
d(ηγaγα) =
3∑
γ=1
dηγaγα on D.
A 2-form is denoted by
dη1 ◦ J1(X,Y ) = dη1(J1X,Y ) (∀X,Y ∈ D).
Proposition 2.5. The 2-form dη1 ◦ J1 on D is invariant under the group
R
3
⋊ Sp(n) · Sp(1).
Proof. Let h ∈ R3 ⋊ Sp(n) · Sp(1) be any element. If (bαβ) ∈ SO(3) is the
inverse matrix of (aαβ), using (2.22), (2.30) and (2.31) it follows
3h∗(dη1 ◦ J1)(X,Y ) =
3∑
α=1
dηα(Jαh∗X,h∗Y ) =
∑
α,β
dh∗ηα(bαβJβX,Y ).
=
∑
β,γ
dηγ(δγβJβX,Y ) =
3∑
β=1
dηβ(JβX,Y )
= 3dη ◦ J1(X,Y ) (∀X,Y ∈ D).
Thus,
(2.32) h∗(dη1 ◦ J1) = dη1 ◦ J1 on D.

Corollary 2.6. Any element h of the form ((0, 0, 0), u) ∈ M (0 6= u ∈ Hn)
does not leave invariant dη1 ◦ J1|D.
Proof. Let η1(Xp) = f(p)ω1(Xp). As dh
∗η1|D = h∗fdω1|D, it follows
(h∗(dη1 ◦ J1))p(X,Y ) = dη1(J1h∗X,h∗Y ) = dη1(h∗J1X,h∗Y )
= h∗f(p)(dω1)p(J1X,Y ).
(2.33)
If h preserves dη1 ◦J1, i.e. (h∗(dη1 ◦J1))p(X,Y ) = f(p)(dω1)p(J1X,Y ), then
it follows h∗f(p) = f(hp) = f(p), which is impossible by Remark 2.4. 
93. Quaternionic Hermitian metric g
3.1. Quick review of quaternionic parabolic geometry. We recall par-
abolic quaternionic group derived from the quaternionic hyperbolic group.
We use this fact in the next section. In general the quaternionic hyper-
bolic space Hn+1
H
has a (projective) compactification whose boundary is
diffeomorphic to S4n+3. The group of quaternionic hyperbolic isometries
Isom (Hn+1
H
) = PSp(n+ 1, 1) extends to an analytic action on S4n+3, which
we may call quaternionic Carnot-Carathe´odory action on S4n+3. Let ∞ be
the point at infinity of S4n+3. The sphere with {∞} removed, S4n+3 \ {∞},
is identified withM as a quaternionic Carnot-Carathe´odory structure. The
stabilizer of PSp(n+ 1, 1) at ∞ is isomorphic to the maximal amenable Lie
group Sim(M) =M⋊ (Sp(n) · Sp(1)× R+), which contains E(M) of (2.1)
as a normal subgroup. In particular E(M) acts transitively on M acting
in the manner of (2.2). (In addition, each element of R+ acts as homoth-
ety of ω.) Since (D, {Jα}α=1,2,3) is the quaternionic Carnot-Carathe´odory
structure on M (cf. Sections 2.2, 2.4), Sim(M) is the full group preserv-
ing (D, {Jα}α=1,2,3). Moreover if ω represents D, then the full subgroup of
Sim(M) leaving invariant dω1 ◦ J1 is E(M). (We may choose whichever
dωα ◦ Jα from the reciprocity dω1 ◦ J1 = dω2 ◦ J2 = dω3 ◦ J3.) On the other
hand,M admits a Riemannian metric defined by gω =
∑3
i=1 ωi ·ωi+dω1◦J1
whose isometry group contains E(M). Note that this metric is not 3-sasaki
metric (or quaternionic CR strcture) globally on M. Since Sim(M) is the
full group preserving (D, {Jα}α=1,2,3), if D is represented by η on M, then
Proposition 2.5 implies
Corollary 3.1. The full subgroup of Sim(M) leaving dη1 ◦ J1 invariant is
R
3
⋊ Sp(n) · Sp(1).
3.2. Riemannian metric g on Hn. Let R3→M pi−→ Hn be the canonical
projection. Let z ∈ Hn. Choose X,Y ∈ Dp ⊂ TpM for pi(p) = z. Define
(3.1) gz(pi∗X,pi∗Y ) = dη1(J1X,Y ) (= dη2(J2X,Y ) = dη3(J3X,Y )).
Proposition 3.2. g is a well defined Riemannian metric on Hn such that
g(pi∗X,pi∗Y ) = g(Jαpi∗X,Jαpi∗Y ) (α = 1, 2, 3).
Proof. It suffices to check that g does not depend on the choice of p ∈ M.
Since R3 ∋ t acts as translations of M, it follows t∗ ◦ Jα = Jα ◦ t∗ on
D (α = 1, 2, 3). Let X ′, Y ′ ∈ Dq such that pi∗(X ′) = pi∗(X), pi∗(Y ′) =
pi∗(Y ). Then q = tp for some t ∈ R3. Since t∗X = X ′, t∗Y = Y ′, it follows
dη1(J1X
′, Y ′) = η1(J1X,Y ) from (2.32). So g is well-defined. Using (2.22),
(2.23), calculate
g(pi∗(JαX), pi∗(JαY )) = dηα(Jα(JαX), JαY ) = −dηα(X,JαY )
= dηα(JαX,Y ) = g(pi∗X,pi∗Y ).
Since pi∗ ◦ Jα = Jα ◦ pi∗ on D, g(Jαpi∗X,Jαpi∗Y ) = g(pi∗X,pi∗Y ) on Hn. 
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Remark 3.3. When gH is the standard quaternionic euclidean metric on
H
n, it follows from (2.13) that dω1◦J1(X,Y ) = dω1(J1X,Y ) = gH(pi∗X,pi∗Y )
(∀X,Y ∈ D). There is a canonical equivariant Riemannian submersion:
(3.2) R3→(E(M),M, gω) pi−−−−→ (E(Hn),Hn, gH)
where E(Hn) = Hn ⋊ Sp(n) · Sp(1).
3.3. Completeness of g from D. This subsection is devoted to prove the
following.
Proposition 3.4. g is a complete Riemannian metric on Hn.
In fact, our method of proof is essentially the same as those of Section 3.5
and Section 3.6 (Proposition 3.5) in [6]. So we shall give a sketch of how to
prove the completeness of g.
Let ω = ω1i+ω2j +ω3k represent a Carnot-Carathe´odory structure D =
3∩
i=1
kerωi = kerω on M. (See Section 2.2.) When σ is a sectionally smooth
curve between p and q in M satisfying σ˙(t) ∈ (ker ω)σ(t) a.e., the length is
defined as L(σ) =
∫ 1
0
dω1(J1σ˙(t), σ˙(t))
1
2 dt. Denote by Cω the set of all such
curves σ joining p and q. Set
dω(p, q) = inf
σ∈Cω
L(σ).
Since any point q sufficiently close to p can be joined by a curve σ with
σ˙(t) ∈ ker ω, dω(p, q) is defined and finite onM. (See [9] for example.) The
metric dω is called the Carnot-Carathe´odory distance onM associated to ω.
In our case recall η = fω (respectively η1 = fω1) on M where f(p) =
1
ω1((ξ1)p)
=
1
1 + a|z|2 for p = (s, z) ∈ M, z = (z1, . . . , zn) ∈ H
n as in
(2.24). Let dη be the Carnot-Carathe´odory distance on M. Denote by
0 = (0, 0, · · · , 0) the origin of M. Let Bη(0, r) be the closed metric ball
{x ∈ M | dη(0, x) ≤ r} of M. If Bη(0, r) is the closure of Bη(0, r) in
M ∪ {∞} = S4n+3, then Bη(0, r) is compact. We will prove Bη(0, r) =
Bη(0, r). This is true when Bη(o, r) misses {∞}. On the other hand, if
{∞} ∈ Bη(0, r) for some r, then there exists a sequence of points {pm} ∈ M
converging to {∞} such that
(3.3) dη(0, pm) ≤ r.
Recall from Remark 3.3 that gH is the standard euclidean metric on H
n
satisfying dω1(J1X,Y ) = gH(pi∗X,pi∗Y ) (
∀X,Y ∈ D). Choose a point x =
(x0, x1, · · · , xn) ∈ M. Let σ : [0, 1]→M be a curve between σ(0) = 0 and
σ(1) = x such that σ˙(t) ∈ ker η (= ker ω = D), i.e. σ ∈ Cη. Noting η1 = fω1
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with dη1 = fdω1|D, we calculate
dη(0, x) = inf
σ∈Cη
L(σ) = inf
σ∈Cη
∫ 1
0
f(σ(t))
1
2 dω1(J1σ˙(t), σ˙(t))
1
2 dt
= inf
σ∈Cη
∫ 1
0
1√
ω1((ξ1)σ(t))
gH(piσ(t), piσ(t))
1
2dt.
(3.4)
If we write σ(t) = (σ0(t), σ1(t), · · · , σn(t)) ∈ M, then ω((ξ1)σ(t)) = 1 +
a(|σ1(t)|2+ |σ2(t)|2+ · · ·+ |σn(t)|2). As piσ(t) = (σ1(t), · · · , σn(t)) ∈ Hn, gH
satisfies that gH(piσ(t), piσ(t)) = σ˙1(t)
2+ · · ·+ σ˙n(t)2. Put A = max{1,
√
a}.
Then we have the following inequality (see (3.7) in [6]).
(3.5) dη(0, x) ≥ 1
nA
log(1 + |x1|+ |x2|+ · · ·+ |xn|).
Put pi(pm) = (x
(m)
1 , · · · , x(m)n ) ∈ Hn for the points {pm} ∈ M. Since
{pm} converges to {∞}, the sequence {pi(pm)} ∈ Hn also converges to
{∞}. (Here the union Hn ∪ {∞} constitutes the sphere S4n.) In partic-
ular,
∑n
i=1
|x(m)i |→∞ (m→∞) so that dη(0, pm)−→∞ which contradicts
(3.3). Therefore Bη(0, r) ⊂M for all r ≥ 0, hence
Lemma 3.5. Bη(0, r) = Bη(0, r) which is compact (∀ r ≥ 0).
Proof of Proposition 3.4. Choosing an arbitrary vector v of T0H
n, sup-
pose that the geodesic γ(t) = exp0 tv is defined for 0 ≤ t < T0 with respect
to g. Put tm = T0 − 1
m
and consider the straight line segments {µm} from
0 to each point (0, γ(tm)) ∈ ((0, 0, 0),Hn) ⊂M defined by
µm(s) = (0, sγ(tm)) = (0, (sγ(tm)1, · · · , sγ(tm)n)) (0 ≤ s ≤ 1).
If we note that ˙µm(s) = (0, (γ(tm)1, · · · , γ(tm)n)) = (0, γ(tm)), it follows
from (2.13) that ω( ˙µm(s)) = Im(|γ(tm)|2) = 0. And so ˙µm(s) ∈ ker ω =
ker η, i.e. µm ∈ Cη. From this, dη(0, µm(1)) = inf
σ∈Cη
L(σ) ≤ L(µm). Noting
˙piµm(s) = γ(tm) and dη1 =
1
1 + a|z|2 dω1|D, it follows
dη1(J1 ˙µm(s), ˙µm(s)) ≤ |γ(tm)|
2
B2(1 + |γ(tm)|2s2)
where B2 = min{1, a}. Then
L(µm) =
∫ 1
0
dη1(J1 ˙µm(s), ˙µm(s))
1
2ds ≤ 1
B
log
(|γ(tm)|+√1 + |γ(tm)|2).
If dη(0, µm(1))→∞ (m→∞), then |γ(tm)|→∞ (tm→T0). In this case the
geodesic segment γ(t) = exp0 tv were defined entirely on T0H
n. Otherwise,
{dη(0, µm(1))} is bounded for some r > 0 such that dη(0, µm(1)) ≤ r for
sufficiently large m. As µm(1) ∈ Bη(0, r) which is compact by Lemma
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3.5, {µm(1)} has a limit point (a, z) ∈ M. Since µm(1) = (0, γ(tm)),
lim
m→∞
γ(tm) = z, hence the geodesic segment γ(t) = exp0 tv for 0 ≤ t < T0
can be extended to γ(T0) = z. Therefore (H
n, g) is complete. 
4. Closed 2-forms on Hn
4.1. The form ηα (α = 1, 2, 3). In view of (2.6),(2.10) the group Rα acts
properly and freely on M so that the quotient is a principal bundle:
(4.1) Rα→M µα−→M/Rα.
By (2.5), (2.8), (2.9) note that ρα(ti)∗ ◦Jα = Jα ◦ρα(ti)∗ on D for α = 1, 2, 3
and (i = 1, 2, 3). Then µα induces a complex structure J
′
α on M/Rα such
that µα∗ ◦ Jα = J ′α ◦ µα∗. For t = (t1, t2, t3) ∈ R3, let A(α)t be as follows:
(4.2) A
(1)
t = e
it1a, A
(2)
t = e
jt2a, A
(3)
t = e
kt3a.
For each α, define a diffeomorphism να :M/Rα−→Hn to be
(4.3) να([(s, u)]) = uA
(α)
−s (
∀ (s, u) ∈ R3 ×Hn =M).
Let piα :M→Hn be a map composed of two maps µα, να (α = 1, 2, 3):
(4.4)
M piα−−−−→ Hn
µα ց րνα
M/Rα
Then Rα→M piα−→ Hn is a principal bundle such that piα∗ : D→THn is an
isomorphism at each point of Hn. Define a complex structure Jˆα on H
n by
να∗ ◦ J ′α = Jˆα ◦ να∗ which induces a commutative diagram:
(4.5)
D
piα∗−−−−→ THn
Jα
y Jˆα
y
D
piα∗−−−−→ THn.
Define a 2-form Ωα on H
n (α = 1, 2, 3) to be
Ωα(piα∗X,piα∗Y ) = dηα(X,Y ) (
∀X,Y ∈ D).(4.6)
Then we prove
Proposition 4.1. Each Ωα is a well defined closed 2-form on H
n. Moreover
pi∗αΩα = dηα on M.
Ωα(JˆαXˆ, JˆαYˆ ) = Ωα(Xˆ, Yˆ ) (
∀ Xˆ, Yˆ ∈ THn).(4.7)
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Proof. To be well-defined, let piα∗(X) = piα∗(X
′), piα∗(Y ) = piα∗(Y
′) for
X,Y,X ′, Y ′ ∈ D. Then there exist some ρα(t) ∈ Rα, V ∈ {ξα, d
dtβ
,
d
dtγ
}
((α, β, γ) ∼ (1, 2, 3)) such that
(4.8) X ′ = ρα(t)∗X + V.
According to whether α = 1, 2 or 3, recall that
ρα(t)
∗η = e−iat1ηeiat1 , e−jat2ηejat2 , e−kat3ηekat3
(cf. (2.5),(2.8), (2.9), (2.30).) In particular it follows
(4.9) ρα(t)
∗ηα = ηα (α = 1, 2, 3).
If we note η(D) = 0, then (4.9) shows η(V ) = 0 by (4.8) and so V = 0 since
η|Rα is nondegenerate, or X ′ = ρα(t)∗X. Similarly it follows Y ′ = ρα(t)∗Y .
Thus we obtain dηα(X
′, Y ′) = dηα(X,Y ) so that the form of (4.6) is well-
defined. In particular, this implies
pi∗αΩα(X,Y ) = dηα(X,Y ) (
∀X,Y ∈ D).
On the other hand, for any Y ∈ TM, it follows dηα(W,Y ) = 0 (∀W ∈
{ξα, d
dtβ
,
d
dtγ
} = T (Rα)) from Proposition 2.1. As piα∗(W ) = 0, we have
pi∗αΩα(W,Y ) = dηα(W,Y ) = 0 (
∀ Y ∈ TM).
Hence this shows the following equality:
(4.10) pi∗αΩα = dηα on M.
Thus dΩα = 0 on H
n. Let Xˆ, Yˆ ∈ THn such that piα∗X = Xˆ, piα∗Y = Yˆ for
X,Y ∈ D. By (4.5) and (2.23), it follows Ωα(JˆαXˆ, JˆαYˆ ) = Ωα(Xˆ, Yˆ ). 
By the reciprocity (2.22), the equality pi∗αΩα = dηα implies the following:
Ω1(Jˆ1pi1∗X,pi1∗Y ) = Ω2(Jˆ2pi2∗X,pi2∗Y ) = Ω3(Jˆ3pi3∗X,pi3∗Y ).
In particular, by the definition (3.1) equipped with (4.6), the quaternionic
Hermitian metric g has the following form on Hn (∀X,Y ∈ D):
g(pi∗X,pi∗Y ) = Ω1(Jˆ1pi1∗X,pi1∗Y ) = dη1(J1X,Y )
= Ω2(Jˆ2pi2∗X,pi2∗Y ) = Ω3(Jˆ3pi3∗X,pi3∗Y ).
(4.11)
5. HyperKa¨hler metric g on Hn
5.1. A basis of D. First we determine the basis of D. Let xα (α = 1, . . . , 4n)
be a real number so that Hn = (x1+ix2+jx3+kx4; . . . . . . ;x4n−3+ix4n−2+
jx4n−3 + kx4n). Take the n-independent vectors from the standard basis of
THn = Hn as follows.
{vk = x4k−3 d
dx4k−3
+x4k−2
d
dx4k−2
+x4k−1
d
dx4k−1
+x4k
d
dx4k
| k = 1, . . . , n}.
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InM = R3×Hn where (t1, t2, t3) is the coordinate for R3, define 4n-vectors
(k = 1, . . . , n).


wk = (x
2
4k−3 + x
2
4k−2 + x
2
4k−1 + x
2
4k)
d
dt1
+x4k−2
d
dx4k−3
− x4k−3 ddx4k−2 − x4k
d
dx4k−1
+ x4k−1
d
dx4k
,
uk = (x
2
4k−3 + x
2
4k−2 + x
2
4k−1 + x
2
4k)
d
dt2
+x4k−1
d
dx4k−3
− x4k−1 ddx4k−3 + x4k
d
dx4k−2
− x4k−2 ddx4k ,
sk = (x
2
4k−3 + x
2
4k−2 + x
2
4k−1 + x
2
4k)
d
dt3
+x4k
d
dx4k−3
− x4k−3 ddx4k − x4k−1
d
dx4k−2
+ x4k−2
d
dx4k−1
.
According to whether α = 1, 2, 3, it is easy to check that
ωα(v1) = ωα(w1) = ωα(u1) = ωα(s1) = 0, . . . ,
ωα(vn) = ωα(wn) = ωα(un) = ωα(sn) = 0.
Proposition 5.1. {vk,wk,uk, sk | k = 1, . . . , n} constitutes a basis of D.
5.2. Quotient Lie groupM/R2. Let 1→R3→M pi−→ Hn→1 be the group
extension as before. Putting R2 ≤ R3 ≤M as
(5.1) R2 =


(0,R,R) (α = 1),
(R, 0,R) (α = 2),
(R,R, 0) (α = 3),
there exists a quotient homomorphism
(5.2) pα :M→M/R2
and an induced group extension: 1→R→M/R2 pˆi−→ Hn→1 such that
(5.3) pi = pˆi ◦ pα.
According to α = 1, 2, 3 of (5.1) respectively, each M/R2 is the product
R × Hn = {(tα, z)} with nilpotent Lie group structure. (In fact it is anti-
holomorphically isomorphic to the Heisenberg Lie group, see Section 7.) As
pi∗ : D→THn is an isomorphism at each point, we obtain codimension 1-
subbundles of T (M/R2):
pα∗(D) =
{vk,wk, u¯k, s¯k} (α = 1),
{vk, w¯k,uk, s¯k} (α = 2),
{vk, w¯k, u¯k, sk} (α = 3), (k = 1, . . . , n).
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Here
(5.4)


w¯k = x4k−2
d
dx4k−3
− x4k−3 ddx4k−2 − x4k
d
dx4k−1
+ x4k−1
d
dx4k
,
u¯k = x4k−1
d
dx4k−3
− x4k−1 ddx4k−3 + x4k
d
dx4k−2
− x4k−2 ddx4k ,
s¯k = x4k
d
dx4k−3
− x4k−3 ddx4k − x4k−1
d
dx4k−2
+ x4k−2
d
dx4k−1
.
When we identify M/R2 with R × Hn canonically, define smooth maps
hα : H
n→M/R2 to be
(5.5) hα(z) =


(− |z|22 , zi) (α = 1),
(− |z|22 , zj) (α = 2),
(− |z|22 , zk) (α = 3).
Lemma 5.2. hα∗TH
n = pα∗(D) (α = 1, 2, 3).
Proof. Let z = x1 + ix2 + jx3 + kx4 ∈ H and v1 = x1 ddx1 + x2 ddx2 + x3 ddx3 +
x4
d
dx4
the vector corresponding to z. Then the maps z 7→ zi¯, z 7→ zj¯, z 7→
zk¯ induce 3-independent vectors, i.e. J1v1, J2v1, J3v1 for which the set{
v1, J1v1, J2v1, J3v1; . . . ;vn, J1vn, J2vn, J3vn
}
forms a basis of THn. For
k = 1, . . . , n, we can calculate

h1∗(vk) = −wk, h1∗(J1vk) = vk, h1∗(J2vk) = −s¯k, h1∗(J3vk) = u¯k,
h2∗(vk) = −uk, h2∗(J1vk) = s¯k, h2∗(J2vk) = vk, h2∗(J3vk) = −w¯k,
h3∗(vk) = −sk, h3∗(J1vk) = −u¯k, h3∗(J2vk) = w¯k, h3∗(J3vk) = vk.
This shows hα∗TH
n = pα∗D (α = 1, 2, 3). 
Let Nα be a submanifold of M/R2 defined by
(5.6) Nα =


{(− |z|22 , zi) ∈ M/R2 | z ∈ Hn} (α = 1),
{(− |z|22 , zj) ∈ M/R2 | z ∈ Hn} (α = 2),
{(− |z|22 , zk) ∈ M/R2 | z ∈ Hn} (α = 3).
As hα(H
n) = Nα from (5.5), Lemma 5.2 implies
(5.7) pα∗(D) = TNα.
5.3. The fundamental 2-form g◦Jα. LetRα→M piα−→ Hn be the principal
bundle as in (4.4). Since Rα = R2 ⋊ ρα(R) is the semidirect product from
(2.6), piα induces a principal bundle:
(5.8) ρα(R) −−−−→ M/R2 pˆiα−−−−→ Hn
such that
(5.9) piα = pˆiα ◦ pα.
16
Note from (4.3) that
(5.10) pˆiα((tα, z)) = zA
(α)
−t =


ze−iat1 (α = 1),
ze−jat2 (α = 2),
ze−kat3 (α = 3).
Define a diffeomorphism τα : H
n→Hn respectively by
(5.11) τα(z) =


ze
i|z|2
2
a (α = 1),
ze
j|z|2
2
a (α = 2),
ze
k|z|2
2
a (α = 3).
By (5.6) with |zi|2 = |zj|2 = |zk|2 = |z|2, there is a commutative diagram:
(5.12)
Nα
pˆi ւ ցpˆiα
H
n τα−→ Hn .
By the above diagram, (5.3) and (5.9) show
(5.13) piα = τα ◦ pi on M (α = 1, 2, 3).
Proposition 5.3. For α = 1, 2, 3, let g ◦ Jα(Xˆ, Yˆ ) = g(Xˆ, JαYˆ ) be the
fundamental 2-form of g (∀ Xˆ, Yˆ ∈ THn). Then each g ◦ Jα is a closed
2-form τ∗αΩα on H
n.
Proof. Let X,Y ∈ D such that pi∗X,pi∗Y ∈ THn. Then g(pi∗X,pi∗Y ) =
Ωα(Jˆαpiα∗X,piα∗Y ) from (4.11). By pi∗JαY = Jαpi∗Y (cf. (2.20)), using (4.5),
(4.7) and (5.13), we calculate
g(pi∗X,Jαpi∗Y ) = Ωα(Jˆαpiα∗X,piα∗JαY ) = Ωα(Jˆαpiα∗X, Jˆαpiα∗Y )
= Ωα(piα∗X,piα∗Y ) = τ
∗
αΩα(pi∗X,pi∗Y ).
(5.14)

Summarizing up, we obtain
Theorem 5.4. g is a complete hyperKa¨hler metric on Hn.
Let h = ((0, 0, 0), u) ∈ M is an element of E(M) for which u ∈ Hn acts
as translations of Hn. By Remark 2.4, (Hn, g) is not isometric to (Hn, gH).
6. HyperKa¨hler isometry group of (Hn, g)
We study the hyperKa¨hler isometry group of (Hn, g). Let
N0 = {
(
(−|z|
2
2
,−|z|
2
2
,−|z|
2
2
), z
) ∈ M | z ∈ Hn}
be a 4n-dimensional submanifold inM. As R3 ∋ t = (t1, t2, t3) acts freely on
M, the set {(t1− |z|22 , t2− |z|22 , t3− |z|22 ), z)} of orbits at N0 shows R3N0 =M.
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If pi :M→Hn is the projection as before, then the restriction pi : N0→Hn is
a diffeomorphism. Given a diffeomorphism h : Hn→Hn, define a map h′ to
be h′ = pi−1 ◦ h ◦ pi : N0→N0. Extend h′ to a map h˜ :M→M by setting
(6.1) h˜(tx) = th′(x) (∀ t ∈ R3, ∀ x ∈ N0),
for which there is the commutative diagram:
(6.2)
M h˜−−−−→ M
pi
y piy
H
n h−−−−→ Hn.
Proposition 6.1. The differential map of h˜ maps D onto itself.
Proof. Let p1 : M→M/(0,R2) be the projection where M/(0,R2) = N1
(cf. (5.6), (5.2)). Note that
p1(N0) = p1((0,−|z|
2
2
,−|z|
2
2
)
(
(−|z|
2
2
, 0, 0), z
)
)
= p1(
(
(−|z|
2
2
, 0, 0), z
)
) = N1.
(6.3)
As pi : M→Hn is R3-equivariant, h˜ : M→M induces a diffeomorphism
h˜1 :M/(0,R2)→M/(0,R2) which has the commutative diagram.
(6.4)
M h˜−−−−→ M
p1
y p1y
M/(0,R2) h˜1−−−−→ M/(0,R2).
By (6.1) and (6.3), h˜1(N1) = h˜1(p1(N0)) = p1h′(N0) = N1. Since p1∗D =
TN1 from (5.7), it follows
p1∗h˜∗D = h˜1∗TN1 = TN1 = p1∗D.
Thus
(6.5) h˜∗D− D ⊂ { d
dt2
,
d
dt3
}.
Similarly if p2 :M→M/(R, 0,R) is the projection, then
(6.6) p2(N0) = p2(
(
(0,−|z|
2
2
, 0), z
)
) = N2.
By the commutative diagram as in (6.4), h˜ induces a diffeomorphism h˜2 :
M/(R, 0,R)→M/(R, 0,R) such that p2◦h˜ = h˜2◦p2. It follows h˜2(N2) = N2.
As p2∗D = TN2, we have p2∗h˜∗D = p2∗D. Thus
(6.7) h˜∗D− D ⊂ { d
dt1
,
d
dt3
}.
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If p3 :M→M/(R2, 0) is the projection, then it follows similarly
(6.8) h˜∗D− D ⊂ { d
dt1
,
d
dt2
}.
From (6.5), (6.7), (6.8), we conclude h˜∗D = D. 
Suppose that the ImH-valued 1-form η = η1i+ η2j + η3k represents the
Carnot-Carathe´odory structure D on M and {Jα}α=1,2,3 is a hypercom-
plex structure on D. Denote by Psh(M, {ηα}, {Jα}α=1,2,3) the group of
quaternionic euclidean Carnot-Carathe´odory transformations of M. More
precisely, it is described as
Psh(M, {ηα Jα}) =

 h˜
∗ηα =
∑
β ηβ a˜βα
h˜ ∈ Diff(M) | h˜∗ ◦ Jα =
∑
β a˜αβJβ ◦ h˜∗
(a˜αβ) ∈ Map(M,SO(3))

 .(6.9)
Here a˜ = (a˜αβ) :M→SO(3) is a smooth map. Note that if a˜ is represented
by an element α ∈ Sp(1), then h˜∗η = αηα¯. (Compare (2.15).) As in
the proof of Proposition 2.5, Definition (6.9) implies that every element of
Psh(M, {ηα}, {Jα}) leaves dη1 ◦ J1 invariant. As a consequence, it follows
from Corollary 3.1,
(6.10) Psh(M, {ηα}, {Jα}α=1,2,3) = R3 ⋊ Sp(n) · Sp(1) ≤ E(M).
The hyperKa¨hler isometry group of (g, {Jα}α=1,2,3) on Hn is defined as
Isom(Hn, g, {Jα}α=1,2,3) =

 h
∗Θα =
∑
β Θβaβα
h ∈ Isom(Hn, g) | h∗ ◦ Jα =
∑
β aαβJβ ◦ h∗
(aαβ) ∈ Map(Hn,SO(3))


(6.11)
where each Θα = g ◦ Jα is the fundamental 2-form on Hn.
Theorem 6.2. If h ∈ Isom(Hn, g, {Jα}α=1,2,3), then h˜ : M→M of (6.1)
belongs to Psh(M, {ηα}, {Jα}α=1,2,3).
Proof. By (6.11), if h ∈ Isom(Hn, g, {Jα}α=1,2,3), then h∗Θα =
∑3
β=1Θβaβα
for some function (aβα) : H
n→SO(3). Using (6.2), it follows h˜∗pi∗Θα =∑3
β=1 pi
∗Θβa˜βα on D where (a˜βα) = (pi
∗aβα) : M→SO(3) is a function.
Note that Θα = g ◦ Jα = τ∗αΩα from (6.11) and Proposition 5.3. Since
piα = τα ◦ pi by (5.13), it follows h˜∗pi∗αΩα =
∑3
β=1 pi
∗
βΩβ a˜βα on D. By (4.6),
this equality implies h˜∗dηα =
∑3
β=1 dηβ a˜βα on D. Put
θ = h˜∗ηα −
3∑
β=1
ηβ a˜βα on M.
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As ηβ ∧ d(a˜βα) = 0 on D, we note
(6.12) dθ = 0 on D.
Since h˜∗D = D from Proposition 6.1, it follows θ(D) = 0. For any X,Y ∈ D,
(6.12) implies 2dθ(X,Y ) = −θ([X,Y ]) = 0. On the other hand, from (2.14)
[D,D] = 〈 d
dt1
,
d
dt2
,
d
dt3
〉, hence θ|{ d
dt1
,
d
dt2
,
d
dt3
} = 0 or θ = 0 on M. We
obtain
(6.13) h˜∗ηα =
3∑
β=1
ηβ a˜βα on M.
As pi∗h˜∗ ◦ Jα =
∑3
β=1 aαβJβ ◦ h∗pi∗ = pi∗(
∑3
β=1 a˜αβJβ ◦ h˜∗) from (6.11) and
pi∗ : D→THn is an isomorphism at each point, it follows
(6.14) h˜∗ ◦ Jα =
3∑
β=1
a˜αβJβ ◦ h˜∗ on D.
Thus (6.13), (6.14) imply h˜ ∈ Psh(M, {ηα}, {Jα}α=1,2,3). 
Theorem 6.3. The hyperKa¨hler manifold (Hn, g, {Jα}α=1,2,3) has the isom-
etry group:
Isom(Hn, g, {Jα}α=1,2,3) = Sp(n) · Sp(1).
Proof. From (6.10) note that Psh(M, {ηα}, {Jα}α=1,2,3) = R3⋊Sp(n)·Sp(1).
IfNPsh(M,{ηα},{Jα})(R
3) is the normalizer of R3 in Psh(M, {ηα}, {Jα}α=1,2,3),
in our case it follows
NPsh(M,{ηα},{Jα})(R
3) = Psh(M, {ηα}, {Jα}α=1,2,3) = R3 ⋊ Sp(n) · Sp(1).
Put Isomhk(H
n) = Isom(Hn, g, {Jα}α=1,2,3). By Theorem 6.2 φ is surjective
in the following exact sequence:
(6.15) 1−→R3 −−−−→ NPsh(M,{ηα},{Jα})(R3)
φ−−−−→ Isomhk(Hn)−→1.
Therefore Isom(Hn, g, {Jα}α=1,2,3) = Sp(n) · Sp(1). 
Recall a > 0 from (2.3). For each a, we have an ImH-valued 1-form
η =
1
1 + a|z|2ω on M from (2.6) which induces a hyperKa¨hler metric
g(pi∗X,pi∗Y ) = dη1(J1X,Y ) = dη2(J2X,Y ) = dη3(J3X,Y ) from (3.1) for
the projection pi :M→Hn (X,Y ∈ D). Put g = ga for each a > 0.
Proposition 6.4. If a 6= a′, then two hyperKa¨hler metrics ga, ga′ are not
isometric each other.
Proof. For a′ we replace η by η′ =
1
1 + a′|z|2 ω. Suppose there is an isometry
f : (Hn, ga, {Jα})→(Hn, ga′ , {Jα}). As in the proof of Proposition 6.1 and
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Theorem 6.2, there exists an element f˜ :M→M satisfying f˜∗D = D which
has the commutative diagram (cf. (6.2)):
(6.16)
M f˜−−−−→ M
pi
y piy
Hn
f−−−−→ Hn.
Moreover we can check the conditions of (6.9) such as
f˜∗η′α =
3∑
β=1
η′β a˜βα, f˜∗ ◦ Jα =
3∑
β=1
a˜αβJβ ◦ f˜∗.
If (a˜αβ) is represented by an element α ∈ Sp(1), then f˜∗η′ = αηα¯ =
1
1 + a|z|2αωα¯. In view of (2.2), f˜(s, z) = (t + αsα¯ + Im〈v,Azα¯〉, Azα¯).
Then
f˜∗η′ =
1
1 + a′|Azα¯|2 f˜
∗ω =
1
1 + a′|z|2 αωα¯.
This shows a = a′. So {ga}a∈R+ give a one-parameter family of inequivalent
hyperKa¨hler metrics on Hn. 
7. Other structures from M
7.1. Heisenberg Lie group N . Let N be the 4n+1-dimensional Heisen-
berg Lie group with central extension 1→R→N p−→ C2n→1. A pseudo-
Hermitian structure (ωN , JN ) consists of a contact form
ωN = dt+ Im〈(z, w), (dz, dw)〉 = dt+ Im(tz¯dz + tw¯dw) ((z, w) ∈ C2n)
together with the standard complex structure JN on kerωN . As in Section
5.2, for R2 = (0,R,R) ≤ R3 ≤ M, there is a quotient nilpotent Lie group
M/R2 with central group extension 1→R→M/R2 pˆi−→ Hn→1. We shall
find an explicit isomorphism to identify M/R2 with N . For our use, let
z + wj ∈ Hn such that z, w ∈ Cn. Then M/R2 is the product R × Hn =
R
3 (modCj)×Hn = R×Hn with group law:(
a, z +wj
) · (b, z′ + w′j) = (a+ b− Im(tz¯z′ + tww¯′), z + z′ + (w + w′)j).
Define a diffeomorphism ϕ :M/R2 = R×Hn→N = R× C2n to be
(7.1) ϕ(a, (z + wj)) = (a, (z, w¯)).
Since it is easy to check ϕ((a, z+wj) ·(b, z′+w′j)) = (a, (z, w¯)) ·(b, (z′, w¯′)),
ϕ is a Lie group isomorphism of M/R2 onto N . As in (5.2), consider the
projection
R
2 = Cj −−−−→ M p1−−−−→ M/R2
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for which the subbundle 〈 d
dt2
,
d
dt3
〉 is tangent to the fiber Cj. Since ω =
ω1i + ω2j + ω3k, noting (2.16), (2.15), ω1 induces a 1-form ωˆ1 on M/R2
defined by
(7.2) p∗1ωˆ1 = ω1 on M.
As ωˆ1 = dt1 + Im〈(z, w¯), (dz, dw¯)〉 for z + wj ∈ Hn, (7.1) shows
(7.3) ϕ∗ωN = ωˆ1 on M/R2.
Let R act on N by
ρ(t)(s, (z, w)) = (t+ s, eiat(z, w))
which induces another principal bundle:
ρ(R) −−−−→ N p1N−−−−→ C2n.
In view of (2.5), ϕ
(
ρ1(t)(s, (z+wj))
)
= ρ(t)ϕ
(
s, (z+wj)
)
, so there is the
commutative diagram of principal R-bundles (cf. (5.8)):
(7.4)
ρ1(R)
ϕ−−−−→ ρ(R)y y
M/R2 ϕ−−−−→ N
pˆi1
y p1Ny
H
n ψ−−−−→ C2n.
Let ξ be the vector field induced by the ρ(R)-action on N . For the vector
field ξ1 on M of (2.7), if we put p1∗ξ1 = ξˆ1 on M/R2, then ϕ∗ξˆ1 = ξ. By
(7.3), (7.2) it follows
(7.5) ωN (ξ) = ωˆ1(ξˆ1) = ω1(ξ1) = 1 + a(|z|2 + |w|2).
Let ηˆ1 =
1
ωˆ1(ξˆ1)
ωˆ1 (respectively ηN =
1
ωN (ξ)
ωN ) be a contact form on
M/R2 (respectively N ). Using (7.3) and (7.5), we see that
(7.6) ϕ∗ηN = ηˆ1.
Take the standard complex structure J1 on H
n such that J1u = ui¯. As
ui¯ = (z + wj)¯i = (¯iz + iwj), if ϕˆ : Hn→C2n is a diffeomorphism defined by
ϕˆ(z + wj) = (z, w¯), then ϕˆ(ui¯) = i¯ϕˆ(u). When we take the anti-complex
structure J ′
C
on C2n such as J ′
C
(v) = i¯v, it follows
(7.7) ϕˆ∗ ◦ J1 = J ′C ◦ ϕˆ∗ : THn→TC2n.
Note that p1∗D = ker ωˆ1 = ker ηˆ1 on T (M/R2). When J1 is a complex
structure on D (cf. Section 2.4), a complex structure J1 is induced on p1∗D =
ker ηˆ1 such that (2.20) shows
(7.8) pˆi∗ ◦ J1 = J1 ◦ pˆi∗ : ker ηˆ1→THn.
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Similarly J ′N is the complex structure on kerωN defined by
(7.9) p∗ ◦ J ′N = J ′C ◦ p∗ : kerωN→TC2n.
Noting the following commutative diagram by (7.1):
M/R2 ϕ−−−−→ N
pˆi
y py
H
n ϕˆ−−−−→ C2n,
(7.7), (7.8),(7.9) imply
(7.10) ϕ∗ ◦ J1 = J ′N ◦ ϕ∗ on ker ηˆ1.
Since (ηN , JN ) is a spherical CR-structure on N (compare [4]), (7.6) to-
gether with (7.10) implies
Proposition 7.1. The pseudo-Hermitian structure (M/R2, ηˆ1, J1) is iso-
morphic to the anti-holomorphic spherical CR-structure (N , ηN , J ′N ).
Remark 7.2. There is another choice of the standard complex structures
{J2, J3} on Hn other than J1 satisfying the equation (7.8) But J1 will be
only compatible with the Lie group isomorphism ϕ in the sense of (7.10).
Recall the Ka¨hler metric g(pˆi∗X, pˆi∗Y ) = dηˆ1(J1X,Y ) (
∀X,Y ∈ p1∗D)
as well as gN ((p1N )∗X, (p1N )∗Y ) = dηN (JNX,Y ) on C
n (cf. (4.11)). Let
ψ ◦ τ1 : Hn→Cn be a diffeomorphism composed of maps of (7.4) and (5.11).
For X,Y ∈ p1∗D, using (7.4), (7.10) and (7.6), calculate
ψ∗gN (pˆi1∗X, pˆi1∗Y ) = gN ((p1N )∗ϕ∗X, (p1N )∗ϕ∗Y ) = dηN (JNϕ∗X,ϕ∗Y )
= dηN (−J ′Nϕ∗X,ϕ∗Y ) = −dϕ∗ηN (J1X,Y )
= −dηˆ1(J1X,Y ) = −g(pˆi∗X, pˆi∗Y ).
Since τ1pˆi = pˆi1 from (5.12), it follows
(7.11) (ψ ◦ τ1)∗gN (pˆi∗X, pˆi∗Y ) = −g(pˆi∗X, pˆi∗Y ).
Theorem 7.3. The Ka¨hler manifold (Hn, g, J1) is anti-holomorphically iso-
metric to a Bochner flat manifold (C2n, gN , JC). Moreover it has the holo-
morphic isometry group:
Isomhol(H
n, g, J1) = U(2n).
Proof. Since gN = ΩN ◦ JC is a complete Bochner flat Ka¨hler metric on
C
2n (cf. [6]), ψ ◦ τ1 is an anti-holomorphic isometry of (Hn, g, J1) onto the
Bochner flat Ka¨hler manifold (C2n, gN , JC) by (7.11). The full group of
spherical CR-transformations of (N , ωN , JN ) is isomorphic to the similarity
group Sim(N ) = N ⋊ (U(2n)×R+) whose euclidean subgroup E(N ) = N ⋊
U(2n) leaves invariant ωN . In our case, the full group of pseudo-Hermitian
transformations of (ηN , JN ) is R×U(2n) leaving invariant dηN ◦ JN where
R is the center of N (cf. [6]). As in Theorem 6.3 (cf. (6.15)), it follows
Isomhol(C
2n, gN , JC) = U(2n). 
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